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This is an ‘open notes’ examination.

1. a) Let {X), A € R} be a real valued mean zero, L*-process with or-
thogonal increments i.e. if A < Ag < A3 < A\q then E(X,, — X, )(X), —
X»,) = 0. Suppose there exists a > 0 such that

lim F |X)\1 — X>\2|2 = a.
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Show that there exists a measure g on (R,B) and an X : B — L? a
measure with orthogonal values (with associated measure u) such that
if A= [\, ] then X(A) = X, — X),. (10)

b) Let F': R — [0, 1] be a continuous probability distribution function.
Show that there exists a mean zero Gaussian process { X, A € R} such

that F )()\1)(/\2 = F()\l) if )\1 < )\2. (10)

c¢) Show that the process in b) has orthogonal increments. (5)

2. Let {X;, t € [a,b]} be a mean zero L*-process with a continuous co-
variance function K : [a, b] X [a, b] — C. Express the following expected

values in terms of K and prove your results:
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a) | [ X, ds b)E(thXsds>. (5+5)
3. a) Let T be a measure preserving transformation on (2, F, u). Show
that if 7" is mixing w.r.t. p then p(92) = 1. 9)
b) Show that if 7" is mixing then 7" is ergodic. (6)

¢) Suppose the mixing property holds for all A, B € Fy where F; is a
field. Then show that it holds for all A, B € o(Fy) = F. (10)

4. Let v be the standard Gaussian measure on (R, B). Show that if f €

L*(v) then f = Y. C,H,; where {H,} are the Hermite polynomials,
n=0

C,, are constants and equality holds in L*(v). (10)



